A finite bosonic or fermionic symmetry can be described uniquely by a symmetric fusion category E. In this work, we propose that 2+1D topological/SPT orders with a fixed finite symmetry E are classified, up to E 8 quantum Hall states, by the unitary modular tensor categories C over E and the modular extensions of each C. In the case C = E, we prove that the set M ext (E) of all modular extensions of E has a natural structure of a finite abelian group. We also prove that the set M ext (C) of all modular extensions of C, if not empty, is equipped with a natural M ext (E)-action that is free and transitive. Namely, the set M ext (C) is an M ext (E)-torsor. As special cases, we explain in details how the group M ext (E) recovers the well-known group-cohomology classification of the 2+1D bosonic SPT orders and Kitaev's 16 fold ways. We also discuss briefly the behavior of the group M ext (E) under the symmetry-breaking processes and its relation to Witt groups.
Introduction
In this work, we prove some mathematical results about (unitary) braided fusion categories that are completely motivated by the physics of topological orders with symmetries (see Sec. 2). More physical discussion of the same subject will appear in a companioned physics paper [LKW2] . In this introduction section, we try to keep the physics to the minimum and mainly focus on introducing our main results in mathematics.
A finite bosonic or fermonic symmetry, i.e. a finite group G or (G, z) (see Sec. 2), is uniquely determined by a symmetric fusion category (SFC) E up to braided monoidal equivalences. In Sec. 2, we propose that 2+1D topological orders [W1] and symmetry protected trivial (SPT) orders [GW, CGLW] with an on-site symmetry E are classified, up to E 8 quantum Hall states, by the equivalence classes of the triples (C, M, ι M ), which are explained below.
1. C is a unitary modular tensor category C over E, or a UMTC /E , which is defined by a unitary braided fusion category C such that its Müger center is E (see Def. 3.21) . Physically, the UMTC /E C describes all the excitations in the bulk of the associated topological states. The bulk excitations, in general, are not enough to uniquely determine the topological order.
2. M is a unitary modular tensor category (UMTC), and ι M : C ֒→ M is a braided full embedding such that the Müger centralizer of E in M is C. The pair (M, ι M ) is called a modular extension of C, a notion which was first introduced by Müger [M1] (see Remark 4.5). Physically, a modular extension of C amounts to a categorical way of gauging the categorical symmetry E in C (see Sec. 2).
We denote the set of equivalence classes of the modular extensions of a fixed UMTC /E C by M ext (C) (see Def. 4.9) . The simplest example of UMTC /E is just the SFC E itself. The modular extensions of E always exist. For example, (Z(E), ι 0 ), where Z(E) is the Drinfeld center of E and ι 0 : E → Z(E) is the canonical full embedding, is a modular extension of E. For generic C, Drinfeld showed that the set M ext (C) can be empty [D] .
The main results of this work are summarized in the following theorem. In Sec. 4, we give a detailed construction of the multiplication ⊠ (−,−) E (see Lemma 4.11), which has a natural physical meaning. We prove the first half of above theorem in Thm. 4.20 and the second half in Thm 5.4. In the end, we prove some results on the behavior of the group M ext (E) and the M ext (E)-torsor M ext (C) under the symmetry-breaking processes, and explain a relation between the modular extensions and the Witt groups.
The layout of this paper is as follows: in Sec. 2, we explain our motivations from the physics of topological orders with symmetries; in Sec. 3.1, 3.2, 3.3, we recall some basic concepts in braided fusion categories, collect and prove some useful results, and set our notations; in Sec. 3.4, we review the notion of a braided fusion category over a symmetric fusion category; in Sec. 3.5, we recall some results on unitarity; in Sec. 4.1, we recall the notion of a modular extension of a UMTC /E and prove a few useful results; in Sec. 4.2, we prove that the set M ext (E) is a finite abelian group; in Sec. 4.3, 4.4, we explain the relation between M ext (Rep (G) ) and the group-cohomology classification of 2+1D bosonic SPT orders and that between M ext (sVec) and Kitaev's 16 fold way; in Sec. 5.1, we prove that the set M ext (C) is an M ext (E)-torsor; In Sec. 5.2, we discuss the behavior of M ext (E) and M ext (C) under certain symmetry breaking processes; in Sec. 5.2, we discuss the relation between the modular extensions and the Witt groups; in Sec. 6, we give conclusions and list a few open questions.
Physics of topological/SPT orders with symmetries
Topological phases of matters, also called topological orders [W1] , are motivated by the experimental discovery of fractional quantum Hall effects. It was realized recently that such a topological order can be understood as a gapped quantum liquid with long range entanglement, a notion which was introduced in [CGW, ZW] . A bosonic (or fermionic) topological order is called anomaly-free if it can be realized by a bosonic (or fermionic) local Hamiltonian lattice model in the same dimension [W3] , and is called anomalous if otherwise [L, KW] . In this work, we are only interested in anomaly-free topological orders (with or without symmetries). For simplicity, by a topological order (with or without symmetries), we mean an anomaly-free topological order throughout this work unless we specify otherwise.
It is well-known that 2+1D topological orders without symmetries are classified, up to E 8 quantum Hall states, by the categories of excitations in the bulk. A particle-like excitation is called a local excitation if it can be created/annihilated by local operators from the vacuum sector or its direct sums; it is called a non-trivial topological excitations if otherwise. The vacuum sector or its direct sums can be viewed as local excitations. All (particle-like) excitations can be fused and braided, thus form a unitary braided fusion category C. The vacuum sector corresponds to the tensor unit 1 C in C. Excitations that correspond to simple objects in C are called simple excitations. By the definition of a local excitation, it must have trivial double braidings with all (topological or local) excitations. In an anomaly-free theory, excitations should be able to detect each other via double braidings. In particular, the only simple excitation that has trivial double braidings with all excitations must be the vacuum. Therefore, the only local excitations in a 2+1D topological order are the vacuum and its direct sums. Categorically, this amounts to say that the unitary braided fusion category C must be non-degenerate. This gives us the well-known fact that the category of excitations in the bulk of a 2+1D topological order is given by a non-degenerate unitary braided fusion category, or equivalently, a unitary modular tensor category (UMTC) (see for example [Kit1] ) 2 . Note that an E 8 quantum Hall state contains no non-trivial topological excitations in the bulk. But it is non-trivial because it cannot be changed to a trivial phase via local unitary transformations. Moreover, it has gapless chiral edge modes that carries the central charge c = 8. By the term "E 8 quantum Hall states", we mean stacking finite number of layers of E 8 quantum Hall states. Since a UMTC defines the central charge only modulo 8, all 2+1D topological orders are classified by UMTC's together with the central charges, i.e. by pairs (C, c) .
In this work, we study long-range entangled topological orders with symmetries. In the presence of symmetries, even product states with short range entanglement can belong to different phases, and those phases are called symmetry protected trivial (SPT) orders. So in fact, we will study both topological orders and SPT orders (see for example [W2, GW, SRFL, Kit2, CGW, CGLW, FM, BBCW] and references therein for this vast and fast growing topic). In particular, we would like to find a categorical classification (up to E 8 quantum Hall states) of topological/SPT orders with an on-site finite symmetry. A finite symmetry is mathematically described by a finite group G. It is called a fermonic symmetry if G contains the fermonic parity transformation z in G. Mathematically, the fermonic parity transformation z ∈ G is a central element in G (i.e. zg = gz, ∀g ∈ G) and z 2 = 1. We denote the fermonic symmetry by the pair (G, z) . If G does not contain the fermonic parity transformation, it is called a bosonic symmetry, denoted by G alone. We denote the category of representations of G by Rep (G) . It is a symmetric fusion category (see Sec. 3.3) . For the fermonic symmetry (G, z) , we require that a G-representation with z acting as −1 (i.e. a fermion) should braid as a fermion. This gives us a new symmetric fusion category Rep (G, z) , which is the same fusion category as Rep(G) but equipped with a different braiding (see Sec. 3.3). When G = Z 2 , the category Rep(Z 2 , z) is just the category of super vector spaces sVec, i.e. Rep(Z 2 , z) = sVec. It is known from Deligne's result [De] that a symmetric fusion category E is equivalent to either Rep (G) or Rep (G, z) for some finite group G and a central involutive element z ∈ G. Therefore, we can define a finite bosonic/fermionic symmetry simply by a symmetric fusion category E.
In a 2+1D topological/SPT order with an on-site symmetry G or (G, z) , it is clear that the excitations in the bulk still forms a braided fusion category C. But local excitations in the bulk can carry symmetry charges, which are given by the representations of G or (G, z) . In other words, if E denotes Rep (G) or Rep (G, z) , then C must contain E as a fusion subcategory (see Sec. 3.1 for a definition). Moreover, since these local excitations must have trivial double braidings with all excitations, mathematically, it means that E is contained in the Müger center of C ( [M1] and see also Sec. 3.1), which is denoted by C ′ . Such C is called a unitary braided fusion category over E, or a UBFC /E . Although these local excitations in E are not detectable by double braidings, they are not anomalous because they are "protected" by the symmetry. For anomaly-free topological orders, we can not allow any local excitations that are not protected by the symmetry. In other words, excitations that have trivial double braidings with all excitations in C must be those in E. Mathematically, it means that C ′ = E. Such a UBFC /E C is called a non-degenerate UBFC /E , or a unitary modular tensor category over E (a UMTC /E ). Therefore, the excitations in the bulk of a 2+1D topological order with the symmetry E must be given by a UMTC /E . In the simplest case, there is no non-trivial topological excitation in the bulk, i.e. C = E.
Different from no-symmetry cases, the bulk excitations do not uniquely fix the associated topological orders up to E 8 quantum Hall states. We give two sets of examples.
1. For topological orders with a finite bosonic symmetry G and only symmetry protected local bulk excitations C = Rep (G) , it is known that there are different SPT orders classified by 3-cocycles in H 3 (G, U(1)) [CGLW] .
2. For the topological orders with only fermonic parity symmetry (Z 2 , z) and only symmetry-protected local bulk excitations C = Rep(Z 2 , z), it is known that there are different gapless chiral edge states classified by Kitaev's 16 fold ways [Kit1] . These 16 phases are generated by the p + ip superconductor state with central charge c = 1/2 (via stacking operations). They are different topological orders despite they have the same category of bulk excitations.
Therefore, what we need is to add more data to C such that they are able to distinguish topological/SPT orders associated to the same bulk excitations up to E 8 states.
In physics, many systems with hidden degrees of freedom protected by symmetries can be detected by gauging the symmetry. Motivated by an idea of gauging [LG] , we proposed in [LKW1] a tensor-categorical way of gauging the categorical symmetry E by adding more particles to the set of particles in a UMTC /E C such that each of them has non-trivial double braidings with at least one of the local excitations in E (see Remark 2.1). This categorical gauging process is complete only if every excitation in E has non-trivial double braidings with at least one newly added particle, and all the newly added particles, together with old ones in C, form a closed and consistent anyon system in the sense that it describes the bulk excitations of a new 2+1D anomaly-free topological order without symmetry. Mathematically, a complete categorical gauging process just amounts to find a UMTC M equipped with a braided full embedding ι M : C ֒→ M such that the Müger centralizer of E in M, denoted by E ′ | M , is C. Such a pair (M, ι M ) is called a modular extension of C, a notion which was first introduced by Müger in [M1] (see also Def. 4.4). We explain in detail in Sec. 4.3 how modular extensions of Rep(G) recover the group-cohomology classification of bosonic SPT orders, and in Sec. 4.4, we review the well-known 16 modular extensions of Rep(Z 2 , z) (also known as Kitaev's 16 fold ways). For generic E, we propose that the modular extensions of E with central charge c = 0 (mod 8) classify all the 2+1D bosonic/fermionic SPT orders. For general C, we believe that the modular extensions of C, if exists, classify, up to E 8 quantum Hall states, all the topological orders with the same bulk excitations C. Such topological orders will be called symmetry enriched topological (SET) orders over C.
Remark 2.1. Requiring each newly added particle to have non-trivial braiding with at least one particle in E, i.e. E ′ | M = C, is a strong condition. For a given UMTC /E C, gauging processes satisfying this strong condition might not exist at all [D] . In this case, one might want to relax this condition. But it is not yet clear to us what the extensions without satisfying this strong condition represent in physics (see also Remark 4.5).
In summary, we have proposed the following conjecture on the classification of 2+1D topological/SPT orders with symmetries. In this work, we prove that the set M ext (E) of modular extensions of E form an abelian group with the multiplication ⊠ (−,−) E (defined in Lemma 4.11) corresponding to first stacking two layers of systems then breaking the symmetry from E ⊠ E to E (causing no phase transition [LKW2] ). Therefore, ⊠ (−,−) E is the correct physical stacking operation of two layers of topological/SPT phases with symmetry E. Moreover, we prove that the group M ext (Rep(G)) coincides with the group structure on H 3 (G, U(1) ). We also prove that M ext (sVec) ≃ Z 16 as groups.
Remark 2.3. We prove in Thm 5.4 that the set M ext (C), if not empty, is equipped with a natural M ext (E)-action that is free and transitive. Namely,
It is also equipped with a natural Aut(C)-action (see Remark. 3.12 and 4.10) . Using the naturally defined equivalence relation among the triples (C, M, ι M ) (see a precise definition in [LKW2] ), Conjecture 2.2 says that the SET orders over C are classified, up to E 8 states, by the quotient set M ext (C)/Aut(C) (see [LKW2] for more details).
Unitary braided fusion categories
In this section, we briefly recall some basic elements of (unitary) braided fusion categories, collect and prove a few results that are useful later, and also set our notations. The ground field is always chosen to be the complex numbers C.
Braided fusion categories
In this work, a category is called finite if it is equivalent to the category of modules over a finite dimensional algebra A over C; it is called semisimple if, in addition, A is semisimple. A multi-fusion category C is a semisimple rigid monoidal category. In particular, it has finitely many inequivalent simple objects, and is equipped with a rigid monoidal structure, which includes the tensor product functor ⊗ : C × C → C, the tensor unit 1 C ∈ C, an associator
y, z ∈ C satisfying the pentagon relations, and unit isomorphisms satisfying the triangle relations. We denote the right dual of an object x as x * and the left dual as * x. We denote the set of equivalence classes of simple objects by O(C). We denote C rev by the same category C but equipped with the reversed tensor product ⊗ rev , i.e. a ⊗ rev b = b ⊗ a. A multi-fusion category C with a simple tensor unit 1 C is called a fusion category. A fusion subcategory B of C, denoted by B ⊂ C, is a full tensor subcategory such that if x ∈ C is isomorphic to a direct summand of an object in B then x ∈ B. In particular,
B is a fusion category and O(B) ⊂ O(C).
Let K 0 (C) be the Grothendieck ring of a fusion category C. According to [ENO1, Sec. 8] , there is a unique homomorphism FPdim :
Actually, FPdim(x) ≥ 1 for any non-zero object x ∈ C. FPdim(x) is called the FrobeniusPerron dimension of x. The Frobenius-Perron dimension of a fusion category C is defined by FPdim(C) = i∈O(C) FPdim(i) 2 . For a pivotal fusion category C, there is a different but related notion of dimension, which is called quantum dimension and denoted by dim(x) for x ∈ C. For a unitary fusion category (see Def. 3.16), the Frobenius-Perron dimensions coincide with the quantum dimensions [ENO1] .
The Frobenius-Perron dimension is very useful in determining whether a given monoidal functor is an equivalence. Consider a monoidal functor F : C → D between two fusion categories C and D. We define the image of F, denoted by Im(F), by the smallest fusion subcategory of D that contains F(x), ∀x ∈ C. By [EO, Prop. 2.19] , if F is injective (i.e. F : C → Im(F) is an equivalence), then FPdim(C) ≤ FPdim (D) and the equality holds iff F is a monoidal equivalence. By [EO, Prop. 2.20] (D) and the equality holds iff F is a monoidal equivalence.
A left module category M over a fusion category C, or a C-module M, is a semisimple Clinear category equipped with a C-action functor ⊗ : C×M → M, which is C-linear and right exact for each variables. For two C-modules M and N, a C-module functor F : M → N is a C-linear functor, equipped with a natural isomorphism F(c⊗ −) ≃ c⊗ F(−), ∀c ∈ C, satisfying natural conditions. We denote the category of C-module functors by Fun C (M, N). A right C-module is just left C rev -module. A C-D-bimodule is just a left C⊠D rev -module. We denote the category of right exact C-D-bimodule functors from M and N by Fun C|D (M, N). If M is an indecomposable C-module, it is known that Fun C (M, M) is also a fusion category.
A braided fusion category C is a fusion category equipped with a braiding c x,y : x ⊗ y → y ⊗ x for x, y ∈ C. The category C is the same fusion category as C but equipped with the braidings given by the anti-braidings in C.
Given a fusion category C, there is a canonical braided fusion category Z(C) associated to C, called the Drinfeld center of C. It consists of objects of pairs (x, z x,− ), where z x,− : x ⊗ − → − ⊗ x (called a half-braiding) is a natural isomorphism satisfying some natural conditions. Another useful way to characterize the Drinfeld center is the category Fun C|C (C, C) of Cbimodule functors from C to C, i.e. Z(C) = Fun C|C (C, C). We have FPdim(Z(C)) = FPdim(C) 2 . The forgetful functor f r :
More generally, let B be a fusion subcategory of a fusion category C. There is a notion of relative center Z B (C) consisting of pair (x, z x,− ), where x ∈ C and the natural isomorphism z x,− : (x ⊗ −)| B → (− ⊗ x)| B is the half-braiding. Another convenient way to characterize the relative center Z B (C) is the category Fun B|B (B, C) of B-bimodule functors from B to C, or equivalently, the category Fun B|C (C, C) of right exact B-C-bimodule functors from C to C [KZ] . We have FPdim(
Let A be a fusion category and C a braided fusion category. A monoidal functor F : C → A is called central if it factors uniquely through the forgetful functor f r : Z(A) → A. Namely, there is a unique braided monoidal functor
Let A be a full subcategory of a braided fusion category C. The Müger centralizer of A in C, denoted by A ′ | C , is defined by the full subcategory consisting of objects x ∈ C such that c y,x • c x,y = id x⊗y for all y ∈ A [M2] . Note that the Müger centralizer A ′ | C is automatically a fusion subcategory of C even if A is not monoidal. We abbreviate C ′ | C to C ′ and refer to it as the Müger center of C. We have the following identity [DGNO2] :
It is an equivalence iff C is non-degenerate.
Algebras in a braided fusion category
Let C be a fusion category. An algebra in C (or a C-algebra) is a triple (A, m, η), where
We denote the category of right A-modules in C by C A . Let B be a fusion subcategory of the fusion category C and A a C-algebra. We denote the maximal subobject of A in B by A ∩ B. 
Proof. This follows from the identities hom
If C is braided, a commutative separable C-algebra is also calledétale algebra in [DMNO] . We abbreviate a connected commutative separable C-algebra to a condensable algebra for its physical meaning in anyon condensation [Ko] . If C is non-degenerate, a condensable C-algebra A is called Lagrangian if FPdim(A) 2 = FPdim(C).
Remark 3.2. Let B be a fusion subcategory of fusion category C. If A is a separable algebra in C, then A ∩ B is an separable algebra, which is just the internal hom hom B (A, A) [DNO, Lemma 3.2] . If C is a braided and A isétale, then A ∩ B is anétale algebra [DNO, Cor. 3.3] .
Let C be a braided fusion category and A a condensable C-algebra. The category C A of A-modules is a fusion category and we have the following identity:
We denote the fusion subcategory of C A consisting of local A-modules in C by C 0 A , which is actually a braided fusion category with the braidings inherited from those in C. If C is non-degenerate, so is C 0 A [BEK, KO] , and we have the following identities [DMNO] 
If, in addition, A is Lagrangian, we have C 0 A = Vec. Moreover, if a condensable algebra A contains a condensable subalgebra B, then A is also a condensable algebra in the category
It turns out that condensable algebras in a braided fusion category C all arise in the following ways. Let {A} be the full subcategory of C consisting of a single object A. 
Proof. The functor
The fully-faithfulness follows from Lem. 3.1. It is clearly braided monoidal.
In this work, we are interested in condensable subalgebras of a condensable algebra in a non-degenerate braided fusion category C. Let A be a condensable algebra in C. Let L(C, A) be the lattice of condensable subalgebras of A in C and L(C, A) the lattice of fusion subcategories of C A that contain C 0 A as a fusion subcategory. The following theorem slightly generalizes Theorem 4.10 in [DMNO] .
Theorem 3.5. There is a canonical anti-isomorphism of lattices ϕ : L(C, A) ≃ L(C, A). More precisely, for a condensable subalgebra B of A, ϕ(B) is defined by the image of the following functor
Moreover, we have 
FPdim(B)FPdim(ϕ(B)) = FPdim(C A ).
Proof. When A is a Lagrangian algebra, the result was proved in Theorem 4.10 in [DMNO] (with part 1 and 2 appeared in the proof of Theorem 4.10 in [DMNO] ). In general cases, let f r ∨ be the right adjoint of the forgetful functor f r : Z(C A ) → C A . The algebraÃ = f r ∨ (1) is Lagrangian, and we have Z(C A )Ã ≃ C A and Z(C A ) 0Ã ≃ Vec. By Theorem 4.10 in [DMNO] , there is an anti-isomorphism φ from the lattice L(Z(C A ),Ã) of condensable subalgebras ofÃ to the lattice L(Z(C A ),Ã) of fusion subcategories of C A . We
as braided fusion categories, and the forgetful functor can be identified with the composed functor
We have A =Ã ∩ (C ⊠ 1). Namely, A is a condensable subalgebra ofÃ in Z(C A ). Let B be a condensable subalgebra of A in C. According to Theorem 4.10 in [DMNO] , the fusion subcategory φ(B ⊠ 1) of C A can be identified with the image of the functor F B . Therefore, we have φ(B ⊠ 1) = ϕ(B). Moreover, the image of the map φ restricted to the sub-lattice
As an example, we give the following Proposition, which is an immediate consequence of Thm. 3.5 and Thm. 3.7 and can be found in [DMNO, Example 4.11] . 
Symmetric fusion categories
A braided fusion category C is called a symmetric fusion category (SFC) if C ′ = C. Throughout this work, we use E to denote a SFC.
Let G be a finite group. The category of representations of G, denoted by Rep (G) , is a SFC. Such SFC's E are characterized by the fact that there is a braided monoidal functor F : E → Vec (unique up to isomorphisms), also called a symmetric fiber functor. Moreover, we have G ≃ Aut(F) as groups iff E ≃ Rep(G) as braided fusion categories. In this case, F is just the usual forgetful functor Rep(G) → Vec.
In this work, we are interested in condensable algebras in Rep(G) for a finite group G. The following classification result can be found in [KO] .
Theorem 3.7. Let Fun(G/H) be the algebra of the functions on the coset G/H for a subgroup H (or equivalently, the functions on G that are invariant under the action of H by translations).

Fun(G/H) is a condensable algebra in Rep(G).
If A is a condensable algebra in Rep(G), then there is a subgroup H such that A ≃ Fun(G/H).
Moreover, there is a canonical symmetric monoidal equivalence Rep(G) A ≃ Rep(H). 
The forgetful functor Rep(G) → Rep(H) (forgetting g-actions for g H) and the induction functor Ind
Remark 3.8. When the SFC Rep(G) is viewed as the symmetry of a bosonic SPT order, condensing the algebra Fun(G/H) for a subgroup H ⊂ G should be viewed as breaking the symmetry G to H, or equivalently, breaking Rep(G) to Rep(H).
can be identified with the forgetful functor f r : Rep(G) → Vec. Moreover, the algebra A = I(1), where I is the right adjoint functor of the forgetful functor f r, is maximal in the sense that Fun(G/H) is a subalgebra of Fun(G) for any subgroup H of G.
More generally, according to Deligne [De] , a SFC is braided equivalent to Rep (G, z) , where G is a finite group, and z ∈ G is a central element such that z 2 = 1 (see also [EGNO] ). The SFC Rep (G, z) is the same as Rep(G) as fusion categories, but is equipped with a new braiding. More precisely, for X, Y ∈ Rep (G, z) , the new braiding c z
for all x ∈ X, y ∈ Y such that zx = (−1) m x, zy = (−1) n y, where m and n are either 0 or 1.
When G = Z 2 , the SFC Rep(Z 2 , z) is nothing but the category sVec of super-vector spaces (or Z 2 -graded vector spaces) with Z 2 -graded symmetric braidings.
For any SFC E, there is always a braided monoidal functor F : E → sVec (unique up to isomorphisms), also called super fiber functor. Let G = Aut(F) be the monoidal natural automorphisms of F and z ∈ G be the parity automorphism of F (i.e. z x : F(x) → F(x) is the parity automorphism on F(x) for x ∈ E). Then we have E ≃ Rep (G, z) .
Let A be a condensable algebra in E. The category E A = E 0 A is automatically a SFC. The free induction functor − ⊗ A : E → E A is symmetric monoidal and should be viewed as a symmetry-breaking process (or a condensation). We have the following Lemma as a corollary of Prop. 3.4.
Lemma 3.9. Let F be fusion subcategory of E and A is a condensable algebra of E such that A ∩ F = 1. We have a braided full embedding − ⊗ A : F → E A .
In other words, the symmetry F is preserved under the symmetry-breaking process
Braided fusion categories over E
In this subsection, we recall the notion of a braided fusion category over a SFC E and its basic properties from [DNO] . Definition 3.10. A braided fusion category over E, or a BFC /E , is a braided fusion category C equipped with a braided full embedding
We will abbreviate a non-degenerate BFC /E to a NBFC /E . Definition 3.11. A braided /E-functor f : C → D between two BFC /E 's C and D is a braided functor preserving the embeddings of E, i.e.
Remark 3.12. We denote the category of braided /E-autoequivalences of C by Aut(C) and the underlining group by Aut(C). Note that Aut(C) is the trivial group when C = E.
Let C be a braided fusion category. Let R : C → C ⊠ C be the right adjoint of the tensor product functor C ⊠ C ⊗ − → C, which factors through the canonical braided functor (G × G) and the tensor product functor ⊗ : E ⊠ E → E can be identified with the forgetful functor
the algebra L Rep(G) can be identified with the algebra Fun(G × G/G) of functions on the coset G × G/G. According to Remark 3.8, condensing the algebra L E amounts to breaking the symmetry G × G to G.
Let C and D be two BFC /E 's. The relative tensor product C ⊠ E D is well-defined as a category [Ta, ENO3] and as a fusion category [DNO, KZ] , which can be identified with the [DNO] . The relative tensor product ⊠ E amounts to break the symmetry E ⊠ E on C ⊠ D to E. It forms an associative tensor product in the 2-category of BFC /E 's.
Proposition 3.14. [DNO, Cor. 4 .6] Let A be a condensable algebra in a BFC /E C and A ∩ E = 1.
Unitary braided fusion categories
Definition 3.15. A * -category C is a C-linear category equipped with a functor * : C → C op which acts trivially on the objects and is anti-linear and involutive on morphisms, i.e. * : hom(A, B) → hom(B, A) is defined so that
Definition 3.16. A unitary fusion category C is a fusion category and a unitary category such that * is compatible with the monoidal structures, i.e.
A unitary braided fusion category is a unitary fusion category and is braided so that c *
We abbreviate a unitary fusion category to a UFC, and a unitary braided fusion category to a UBFC. In a UFC, the hom spaces are actually finite dimensional Hilbert spaces, and the left duals coincide with the right duals, i.e. * x = x * for x ∈ C. A fusion subcategory of a UFC is automatically a UFC.
Remark 3.17. A convenient way to check the unitarity of a given fusion category is to check if one can find a basis of the hom spaces such that fusion matrices in this basis are all unitary. This is enough to promote a fusion category to a unitary fusion category [Y, G] .
Let C be a UFC. We would like to know if the Drinfeld center Z(C) is unitary. Let Z * (C) be the unitary center that is defined as the subcategory of Z(C) such that the half-braidings in Z * (C) are all unitary.
Proposition 3.18. [G, GHR] Every braiding of a UFC is unitary. In particular, for a UFC C, we have Z * (C) = Z(C) and Z(C) is a UBFC.
More generally, if C is a UFC, the natural replacement of a C-module category is a C-module * -category. A unitary functor is a functor preserving the * -structure. It is well-known that a UFC has a unique spherical structure [Kit1] , and the FrobeniusPerron dimensions coincide with the quantum dimensions [ENO1] . A non-degenerate UBFC is automatically equipped with the structure of a unitary modular tensor category (UMTC) (introduced first in [MS] ). We will not define a UMTC explicitly (see for example [Tu] ). For the purpose of this work, it is enough to take the non-degenerate UBFC as the definition of a UMTC.
Example 3.20. We give some examples of unitary (braided) fusion categories.
1. Let G be a finite group. The fusion category Rep(G) has a canonical structure of UFC. As a consequence, symmetric fusion categories are all unitary. By Prop. 3.18, the Drinfeld center Z(E) of a SFC E is also unitary.
by the universal coefficient theorem, every pointed fusion category is a unitary fusion category [GHR] , i.e. Vec
A lot of constructions for (non-degenerate) braided fusion categories work automatically in the unitary cases. For example, given a UMTC C and a condensable algebra A in C, it is easy to check that C A is a UFC and C 0 A is a UMTC [BEK] . Most of the results in this work holds for both unitary and non-unitary cases. We will mention explicitly when results in unitary and non-unitary cases are different. Definition 3.21. A unitary braided fusion category over E, or a UBFC /E , is a UBFC C equipped with a braided full embedding η C : E ֒→ C ′ . A fusion /E-subcategory of C is a fusion subcategory containing E. A UBFC /E C is called non-degenerate, or a unitary modular tensor category over E (or UMTC /E ), if, in addition, C ′ = E.
We will abbreviate a non-degenerate UBFC /E (or a unitary modular tensor category over E) to a UMTC /E . Definition 3.22. A braided /E-functor f : C → D between two UBFC /E 's C and D is a braided unitary functor preserving the embeddings of E, i.e.
We use the same notations as in Remark 3.12 for the unitary cases. Remark 4.2. If we drop the assumption on the unitarity on both M and C, we obtain the notion of a non-degenerate extension (M, ι M ) of a BFC /E C. It should be interesting mathematically. We will discuss a little bit about it in Sec. 5.3.
Remark 4.5. The notion of a modular extension of C was first introduced by Müger in [M1, Conjecture 5.2], and was called "a minimal modular extension of C". In this work, we only study the minimal modular extensions. Importantly, it is not yet clear to us what the non-minimal ones (dropping the condition E ′ | M = C) represent in physics (see also Remark 2.1). Therefore, we drop the term "minimal" until the last section, where we raise some questions on non-minimal modular extensions.
Remark 4.6. For a given UMTC /E C, it is possible that there is no modular extension of C. An example was constructed by Drinfeld [D] . 
We denote the set of the equivalence classes of the modular extensions of a UMTC /E C by M ext (C). For simplicity, we also abbreviate the pair (M, ι M ) simply to M. Also note that we have the identity FPdim(M) = FPdim(C)FPdim(E). Since the Frobenius-Perron dimension of the modular extension of C is fixed, according to [BNRW] , the set M ext (C), if not empty, must be finite. 
Lemma 4.11. If M ext (C) and M ext (D) are not empty, then M ext (C ⊠ E D) is not empty, and there is a well-defined map
Proof. Notice that we have the following embeddings of braided fusion categories:
It is clear that
Remark 4.12. We use the notation M ⊠ (ι M ,ι N ) E N to suggest that it can indeed be viewed as some kind of relative product of two modular extensions. The superscript in ⊠ (ι M ,ι N ) E reminds readers that it is not the relative tensor product ⊠ E in the usual sense. Proposition 4.13. The tensor product ⊠
Proof. It is enough to check that the functor
This follows from the fact that the tensor product functor ⊗ : E ⊠ E → E is isomorphic to the reversed tensor product functor ⊗ rev due to the symmetric braidings.
(4.1)
Proof. Let R 1 and R 2 be the right adjoint functors of the following two central functors
respectively. Clearly, R 1 ≃ R 2 by the associativity of ⊗. Then we obtain the following braided monoidal equivalences:
. It further implies that α also gives the associator in Eq.(4.1). In particular, we obtain
Prop. 4.14 implies that following diagram
The functor − ⊗ L C is a monoidal equivalence iff N = C. In this case, its restriction to
as braided fusion categories.
Proof. Part 1 is a special case of Lemma 3.1 and Prop. 3.4 because
Similarly, by checking Frobenius-Perron dimensions, we obtain
Lemma 4.16. Let C be a UMTC /E and (M, ι M ) a modular extension of C. We have
is a central functor and its right adjoint is the forgetful functor. By Thm. 3.3, B is monoidally equivalent to the fusion category
(E), and the functor − ⊗ L C L M coincides with the forgetful functor Z(E) → E. This implies that the composed functor
Corollary 4.17. Let (M, ι M ) be a modular extension of E and ι M the same functor E = E ֒→ M. The pair (M, ι M ) is also a modular extension of E. We have
By Prop. 4.13 and Cor. 4.17, we obtain (Z(E), ι 0 ) ≃ (Z(E), ι 0 ). More directly, there is a braided equivalence
x,− ) such that it is compatible with ι 0 and ι 0 . It remains to show that (Z(E), ι 0 ) is the identity element.
Proof. The second statement follows obviously from the first statement. To prove the ENO2, ENO3] , where the category Fun M⊠E (M, M) can be identified with the relative center Z E (M), and
Consider the following commutative diagram:
where m ∈ M, the functor α is defined by m ⊠ j → m ⊗ + − ⊗ − j for j = (j, z j,− ) ∈ Z(E), z j,− is the half-braiding, and the M ⊠ E-module functor m ⊗ + − ⊗ − j ∈ Fun M⊠E (M, M) is defined by the following isomorphisms:
The commutativity of the right triangle in (4.3) We claim that α ∨ (id M ) ≃ L E as algebras. Indeed, we have
Without losing generality, we assume that m and j are both simple. Let σ j,− be the symmetric braiding in E.
It is easy to check that ev is a morphism in Z E (M) (preserving the half-braiding) iff (j, z j,− ) ≃ (j, σ j,− ) ∈ E. In summary, we obtain 
By Thm. 3.3, the category (M⊠Z(E)) L E is monoidally isomorphic to a fusion subcategory of Fun M⊠E (M, M). By checking the Frobenius-Perron dimensions, we obtain that the functor
, induced by the universal property of the Drinfeld center, such that the middle square in the following diagram
It remains to prove that the left square in above diagram is commutative. Note that the commutativity of the triangle is obvious. Since the functor g is induced by the universal property of Drinfeld center, it is enough to prove that
As a special case, we obtain the following corollary.
In summary, we have proved the first main result of this work. 
Modular extensions of Rep(G) and group cohomologies
Let (M, ι M ) be a modular extension of Rep (G) . The algebra A = Fun(G) is a condensable algebra in Rep (G) and also a condensable algebra in M. Moreover, A is a Lagrangian
, where M A is the category of right A-modules in M. Moreover, the fusion category M A is pointed and equipped with a canonical faithful G-grading [DGNO1, DGNO2, GNN] , which means that
Let us recall the construction of this G-grading. Note that the functor F = − ⊗ A : M → M A is a central functor. Namely, there is a half-braiding z m,x : F(m) ⊗ A x − → x ⊗ A F(m) for m ∈ M. Let x be a simple object in M A . For e ∈ Rep(G), F(e) is a multiple of the tensor unit in M A . Using the half-braiding, we obtain an isomorphism
which is natural and monoidal with respect to the variable e ∈ Rep (G) . Since x is simple, we have Aut(F(e) ⊗ A x) ≃ Aut(F(e)). Thus, we obtain an automorphism of F(e) that is natural and monoidal with respect to the variable e ∈ Rep (G) . In other words, we obtain a monoidal automorphism φ(x) of the fiber functor
Moreover, φ respects the multiplications and units. Furthermore, the non-degeneracy of M implies that φ is a group isomorphism [DGNO2] . This defines a faithful G-grading on M A .
Remark 4.21. The physical meaning of acquiring a G-grading on M A after condensing the algebra A = Fun (G) in M is explained in [LKW2, Fig. 1 ]. In fact, this is just a special case of a more general result, which says that the 2-category of non-degenerate braided fusion category containing Rep(G) as a fusion subcategory is equivalent to the 2-category of G-crossed braided fusion categories via the functor M → M A [Kir, M3, DGNO2, GNN] .
Since φ is an isomorphism, the associator of the monoidal category
Conversely, for any ω ∈ H 3 (G, U(1) ), there is a canonical braided embedding ι ω : [Kir, M3, DGNO2, GNN] . U(1) ). In particular, we have
Lagrangian algebra A which is exactly the algebra Fun(G) (recall Prop. 3.6). Therefore, we have ω (Z(Rep(G)),ι 0 ) = 1. It remains to prove the identity (4.5). Notice that Z(Vec
) as braided fusion categories, and we have
) by Remark 3.13. Then the identity (4.5) follows as a special case of Prop. 3.6 for the finite group G × G and its diagonal subgroup G.
Remark 4.23. Thm. 4.22 matches precisely with the well-known group cohomology classification of bosonic SPT orders [CGLW] . Note that breaking the G × G-symmetry on
Z(Vec
Remark 4.24. Note that it is possible that Z(Vec
But, the number of monoidally non-equivalent fusion categories Vec ω Z p is two for p = 2 and always three for p ≥ 3 [Ni] , which is less than the number of different 3-cocycles when p ≥ 5. So the embedding Rep(G) ֒→ Z(Vec ω G ) is very important physical data that allows us to distinguish elements in the group M ext (Rep(G)) as different bosonic SPT orders.
Modular extensions of sVec and Kitaev's 16-fold way
In this subsection, we discuss a well-known classification of the modular extensions of the SFC sVec ( [Kit1, DGNO2] ).
The symmetric fusion category sVec contains two non-isomorphic simple objects: the tensor unit 1 and u with u ⊗ u = 1. The braiding c u,u ∈ Aut(u ⊗ u) = C × is −1 ∈ C × . It can be viewed as the category Rep(Z 2 , z) of the representations of the group (Z 2 , z), where z ∈ Z 2 is the fermionic parity transformation, with the braiding c u,u defined above.
If M is a modular extension of sVec, it is necessary that FPdim(M) = 4. We start with modular extensions of sVec that are not pointed. Such modular extensions are called unitary Ising modular categories, each of which is a UMTC containing 3 equivalence classes of simple objects: the tensor unit 1, an invertible object u and a non-invertible object x with the following fusion rules:
and FPdim(u) = 1, FPdim(x) = √ 2. The complete classification of such categories was obtained in [V] (see also [FGV] ), and was rediscovered more recently in [Kit1, DGNO2] . We will describe this classification following the labeling convention in [DGNO2] .
There are precisely two inequivalent monoidal structures (see for example [DGNO2, Prop. B.5]). Each one has 4 different braided structures [DGNO2, Cor. B.13] , which are automatically non-degenerate [DGNO2, Cor. B.12] . Each of these 8 braided monoidal structures is determined uniquely by the braiding isomorphism x ⊗ x → x ⊗ x defined by ζ id 1 ⊕ ζ −3 id u for ζ 8 = −1 [DGNO2, Prop. B.14]. Each of the 8 has two spherical structures [DGNO2, Sec. B.2] labeled by ǫ = ±1. Therefore, there are 16 Ising modular categories. Due to the relation dim(x) = ǫ(ζ 2 + ζ −2 ), where dim(x) is the quantum dimension of x, for each ζ, only one of ǫ = ±1 makes the Ising modular categories unitary. We denote the 8 UMTC's by I ζ . The S-matrix of I ζ is given by (see [DGNO2, Cor. B.21 
and the twists in I ζ are given by (see [DGNO2, Prop. B.20] )
where ǫ = 1 if ζ 2 + ζ −2 = √ 2 and ǫ = −1 if ζ 2 + ζ −2 = − √ 2. We would like to remark that θ X for these 8 UMTC's are all distinct.
Each UMTC I ζ contains a symmetric fusion subcategory that is generated by 1 and u and is equivalent to sVec. Therefore, each I ζ is a modular extension of sVec.
If a modular extension M of sVec is pointed, then the group G = O(M) must be abelian and of order 4, and M is equipped with a fully-faithful G-grading, i.e. M = ⊕ g∈G M g and M g ≃ Vec. Let x be the simple object in M g , we define q(g) := c x,x ∈ Aut(x ⊗ x) = C × . Then q defines a non-degenerate quadratic form q : G → C × . Such a pair (G, q) is called a metric group. The modular extension M of sVec is uniquely (up to isomorphisms) determined by the data (G, q, u) , where (G, q) is a metric group of order 4 and u is the order 2 element in O(sVec) ⊂ G such that q(u) = −1. There are again 8 such modular extensions of sVec [Kit1] [DGNO2, Example A.10, Lemma A.11]. More explicitly, these 8 modular extensions can be labeled by the set of 8-th roots of unity {κ ∈ C|κ 8 = 1}. Let n(κ) = 0 if κ 4 = 1 and n(κ) = 1 if κ 4 = −1. Then the metric group (G κ , q κ ) associated to κ is given by
and the quadratic form q κ is given by:
The twists in the associated modular tensor category C(G κ , q κ ) are θ g = q κ (g) for g ∈ G κ , and the S-matrix of C (G κ 
By Example 3.20, these 8 modular tensor categories C(G κ , q) are all unitary.
In summary, we have the following result. These 16 different modular extensions of sVec are all different as non-degenerate braided fusion categories. Namely, the set of the modular extensions of sVec coincides with that of the non-degenerate extensions of sVec. Moreover, these 16 non-degenerate extensions belong to 16 different Witt classes [DGNO2, DMNO] Another convenient way to characterize the group M ext (sVec), especially for physicists, is to use the so-called multiplicative central charge. Recall that the Gauss sums of a premodular category C are defined by
where θ x ∈ Aut(x) = C × is the twist isomorphism. The so-called multiplicative central charge ξ(C) is defined by ξ(C) := τ + (C)/ dim(C). It is well known that ξ(C) is a root of unity. For modular tensor categories C and D, it is known that
and ξ : W → Q/8Z is a group homomophism [DMNO] . The multiplicative central charge defines a group isomorphism ξ : M ext (sVec) ≃ − → Z 16 . The additive central charge c = c(C) ∈ Q/8Z is related to ξ(C) by ξ(C) = e 2πic/8 . Among all 16 modular extensions of sVec, the famous UMTC of the modules over the Ising Virasoro vertex operator algebra with additive central charge c = 1/2 is mapped to e 2πi/16 . It describes a p+ip superconductor state.
Remark 4.27. The relation between the modular extensions of sVec and the classification of 2+1D topological superconductor is well known from the very beginning as Kitaev's 16 fold way [Kit1] . The Witt classes of these 16 modular extensions form the Z 16 group is wellknown [DMNO, DNO] . Note also that 15 of the 16 are anisotropic in the sense that they can not be further condensed [DMNO] , thus can all be obtained by first stacking any one of them repeatedly then making the maximal condensations [DMNO] (see also a physical discussion of this fact in a recent paper [NHKSB] ). But realizing the group Z 16 by the set M ext (sVec), together with the multiplication ⊠ (−,−) E and the identity element (Z(sVec), ι 0 ), is a new result.
Modular extensions of UMTC /E 's
In this section, we study the relation between the sets of modular extensions of different UMTC /E 's. We assume that all sets of modular extensions appeared in this section are not empty.
The set
In the simplest case, C = D ⊠ E and D is a UMTC. Then C is a UMTC /E . In this case, the set M ext (C) of modular extension of C is isomorphic to M ext (E).
Let C be a UMTC /E that has modular extensions. In general, there is no natural group structure on the set M ext (C). But there is a natural M ext (E)-action on M ext (C):
by Prop. 4.14 and Remark. 4.19.
Lemma 5.1. There is a map ⊠
Proof. Let (M, ι M ) and (N, ι N ) be two modular extensions of a UMTC /E C. By Lemma 4.15, the functor
is braided monoidal and fully faithful. Clearly, E is a fusion subcategory of
. By Eq. (3.1), we obtain
As a consequence, we must have
Remark 5.2. Note that there is an obvious isomorphism
Lemma 5.3. We have the following commutative diagram:
First, notice that there are condensable algebras A 1 and A 2 in M ⊠ N ⊠ P such that
The algebra A 1 can be uniquely (up to isomorphisms) determined by the image of the tensor unit under the following composed forgetful functors:
Instead of A 1 , let us first consider how to determine A 1 ∩ (C ⊠ C ⊠ E). Restricting to the fusion subcategory C ⊠ C ⊠ E of M ⊠ N ⊠ P, the right adjoint functors of above two forgetful functors give the left and the bottom functors, respectively, in the following diagram
Therefore, we obtain
where, in the third "≃", we have used the identity
, we must have
Using similar arguments, we can show that
By the commutativity of the diagram (5.4), we must have A 1 ≃ A 2 as algebras. It remains to prove that two embeddings of E in Eq. (5.2) and Eq. (5.3) are isomorphic if we identify their codomains via A 1 ≃ A 2 . Note that these two embeddings can be identified with the functors (1 M ⊠ 1 N ⊠ −) ⊗ A 1 and (− ⊠ 1 N ⊠ 1 P ) ⊗ A 2 , respectively. We have, for x ∈ E,
Then it is clear that the functors (1 M ⊠ 1 N ⊠ −) ⊗ A 1 and (− ⊠ 1 N ⊠ 1 P ) ⊗ A 2 are isomorphic.
We are ready to state and prove the second main result of this work. Proof. That the action is free follows from the identities,
where the first ≃ follows from the commutativity of the diagram (5.1) and the second ≃ follows from Eq. (4.2) for (M,
To prove the transitivity of the M ext (E)-action, we use a fundamental result [FFRS, Thm. 5.20] , which says that the categories of local modules over two algebras in a MTC are canonically braided equivalent if these two algebras are the left and the right center of the same special symmetric Frobenius algebra, respectively. More explicitly, for any
K. By Eq. (4.2) and Lemma 4.18, it is enough to show that
(5.7)
More explicitly, using similar arguments used in proving Eq. (5.6), we obtain
It is a direct check that the condensable algebras A 1 and A 2 are the right center and the left center ( [OZ] ) of the algebra
, respectively. The algebra A is connected and separable but not commutative, and is automatically a symmetric special Frobenius algebra in the sense of [FFRS] (see [Ko, Remark 2.8]) . By [FFRS, Thm 5.20] , there is a canonical composed braided equivalence
is a well-defined full subcategory of the category of A-A-bimodules [FFRS, Def. 5.6 ] for the precise definition). Moreover, by Eq. (5.38), (5.46) in [FFRS] and the definition of the functor G in the proof of Theorem 5.20 in [FFRS] , the functor h maps as follows
for c ∈ C. Then it is clear that f 2 ≃ h • f 1 . This completes the proof of the identity (5.7).
Remark 5.5. Physically, the result above means that the difference of two symmetry enriched topological (SET) orders over a UMTC /E C can be measured by SET orders over E, which are not unique in general (see Remark 2.3).
Symmetry breaking and group homomorphisms
Let C be a UMTC /E , M a modular extension of C and A a condensable algebra in E. The UMTC M 0 A contains both categories C A and E A as fusion subcategories. It is clear that
) is a modular extension of C A . Therefore, the assignment
that describes a symmetry-breaking process.
Remark 5.6. When E = Rep(G) and A = Fun(G), we have E A ≃ Vec and
Proof. We first prove that f A preserves the identity elements. Consider the following diagram:
where e, e 1 , e 2 are the canonical embeddings, and the functor g is the restriction of the forgetful functor f r : Z(E) → E on Z(E) A because Z(E) A is naturally a subcategory of Z(E). It is clear that the two overlapped left squares are commutative.
We claim that the functor g•e 2 is a central functor. Indeed, if (M, z M,− ) ∈ Z(E) is equipped with a local A-module structure, the half-braiding z M,− descend to a half braiding z M,− on Z(E) A , which further descends to a half-braiding z M,− for the object g • e 2 (M, z M,− ) = M in E A . This half-braiding of M ∈ E A satisfies all the required properties of a central functor because e 2 is a central functor.
Therefore, there is a unique braided functor h :
and Z(E A ) are non-degenerate and have the same Frobenius-Perron dimensions, h must be a braided equivalence. We claim that h • e 1 = ι 0 . This follows immediately from f r • h • e 1 = g • e 2 • e 1 = id E A and the fact that such h • e 1 must be the unique lift of the central functor id E A . We have proved that (Z(E) 0 A , e 1 ) ≃ (Z(E A ), ι 0 ) as modular extensions of E A . Therefore, f A preserves the identity elements.
It remains to prove that f A respects the multiplications. This amounts to show that, for any two modular extensions of E: (M, ι M ) and (N, ι N ), there is a braided equivalence such that the following diagram
is commutative. Let R 1 , R 2 : E A → E ⊠ E be the right adjoint functors of the two central monoidal functors E ⊠ E → E A , respectively, in the following diagram:
It is commutative because − ⊗ A is monoidal. Therefore, R 1 ≃ R 2 and we have 
Proof. It follows from the fact that the functor − ⊗ A : C → C A is monoidal, and the fact that the composed functor C ⊠ E ⊗ − → C −⊗A − −− → C A is central.
Relation to Witt groups
In this subsection, we discuss the relation to Witt groups. We drop the assumption on the unitarity and consider the non-degenerate extensions of E. The unitary cases are similar. But note that the unitary Witt group is a proper subgroup of the usual Witt group (see [DMNO, Remark 5.25] ).
Definition 5.10. A fusion category A over E is a fusion category equipped with a braided full embedding T : E → Z(A).
Definition 5.11. For a fusion category A over E, the /E-center Z /E (A) of A is defined by the Müger centralizer of E in Z(A), i.e. Z /E (A) := E ′ | Z(A) .
Definition 5.12. Let C and D be two NBFC /E 's. C and D are called Witt equivalent if there exist fusion categories A, B over E and a braided /E-equivalence: Proof. Prop. 5.13 in [DNO] was stated and proved only in the case E = sVec. But the same proof works for all E. For convenience of the readers, we include the proof here. It is enough to check that the map preserves the identity element and preserves the multiplication. If C = Z(A) for some fusion category A, then C ⊠ E = E ′ | C⊠Z(E) . Therefore,
implies that the map preserves the multiplication.
We denote the group homomorphism by [− ⊠ E] /E . To relate modular extensions to Witt groups, we first generalize a result in [DNO] . Proof. By Prop 5.15, it is enough to prove the injectivity, which was proved in [DGNO2, DMNO] .
Conclusions and Outlooks
In this work, we prove that the set M ext (E) of (the equivalence classes of) modular extensions of a symmetric fusion category E is a finite abelian group, and the set M ext (C) of modular extensions of an UMTC /E C is a M ext (E)-torsor. We explain in details how these groups of modular extensions recover the well-known physical results of the group-cohomology classification of bosonic SPT orders and Kitaev's 16 fold way. We also explain briefly the behavior of these groups under symmetry-breaking processes. We hope to convince readers that there is a very rich physical and mathematical theory behind the scene, and we have only scratched its surface. There are many important problems left to be studied. We list a few open problems that are worth studying. (Rep(G, z) ). Physically, we believe that this group should give the classification of SET orders over Rep (G, z) up to E 8 quantum Hall states. The subgroup of M ext (Rep (G, z) ) consisting of modular extensions with central charge c = 0 (mod 8) classifies all the fermonic SPT orders with symmetry (G, z) .
Explicitly identify the group M ext
2. For a generic UMTC /E C, it is possible that there is no modular extension of C. Examples of such UMTC /E 's are constructed by Drinfeld for certain integral UMTC /E C with FPdim(C) = 8 and FPdim(E) = 4 [D] . It is an important open problem to characterize those UMTC /E 's that admit modular extensions. Its solutions should also deepen our understanding of its physical meaning.
3. If the modular extension of a given UMTC /E C does not exist, it means that the symmetry E is anomalous (not on-site and not gaugable). We believe that this phenomenon is detectable by certain global structures that appear when we integrate the local data C (defined on an open 2-disk) over all closed 2d surfaces via factorization homology [BBJ] . See [LKW2] for more speculations on this issue.
4. If a UMTC /E C does not have any (minimal) modular extension (see Remark 2.1). We can always embed C into some modular tensor categories, such as Z(C), with higher Frobenius-Perron dimensions. What is the minimal Frobenius-Perron dimension of such non-minimal modular extensions? What are the physical meanings of these non-minimal modular extensions of C? Do they form any interesting mathematical structures for each fixed Frobenius-Perron dimension?
